Boundary element method for thermoelastic analysis of three-dimensional transversely isotropic solids  by Shiah, Y.C. & Tan, C.L.
International Journal of Solids and Structures 49 (2012) 2924–2933Contents lists available at SciVerse ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/locate / i jsolst rBoundary element method for thermoelastic analysis of three-dimensional
transversely isotropic solids
Y.C. Shiah a, C.L. Tan b,⇑
aDepartment of Aerospace and Systems Engineering, Feng Chia University, Seatwen, Taichung 40724, Taiwan
bDepartment of Mechanical and Aerospace Engineering, Carleton University Ottawa, Ontario, Canada K1S 5B6
a r t i c l e i n f oArticle history:
Received 9 January 2012
Received in revised form 9 March 2012
Available online 7 June 2012
Keywords:
Boundary element method
Transversely isotropic thermo-elasticity
Fundamental solutions
Green’s function
Volume-to-Surface integral transformation0020-7683/$ - see front matter  2012 Elsevier Ltd. A
http://dx.doi.org/10.1016/j.ijsolstr.2012.05.025
⇑ Corresponding author. Tel.: +1 613 5202600x569
E-mail address: ctan@mae.carleton.ca (C.L. Tan).a b s t r a c t
Thermal effects are well known to manifest themselves as additional volume integral terms in the direct
formulation of the boundary integral equation (BIE) for linear elastic solids when using the boundary
element method (BEM). This domain integral has been successfully transformed in an exact manner to
surface ones only in isotropy and in 2D anisotropy, thereby restoring the BEM as a truly boundary solu-
tion technique. The difﬁculties with extending it to 3D general anisotropic solids lie in the mathematical
complexity of the Green’s function and its derivatives for such materials. These quantities are required
items in the BEM formulation. In this paper, the exact, analytical transformation of the volume integral
associated with thermal effects to surface ones is achieved for a transversely isotropic material using a
similar approach which the authors have previously employed for the same task in BEM for 2D general
anisotropy. A numerical scheme, however, needs to be employed to evaluate some of the new terms
introduced in the surface integrals that arise from this process here. The mathematical soundness of
the formulation is demonstrated by a few examples; the numerical results obtained are checked by
alternative means, including those obtained from the commercial FEM code, ANSYS.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
The boundary element method (BEM) is well recognized as an
efﬁcient alternative to the more commonly used ﬁnite element
method (FEM) as a tool for engineering analysis. For linear elastic
solids, the analytical basis of the method is the boundary integral
equation (BIE) that relates the displacements and tractions on
the surface of the domain when body-forces and thermal loads
are absent. This gives rise to the distinctive feature of the BEM,
namely, only the boundary or surface of the domain needs to be
modeled or discretized in the numerical solution of the BIE. It is
also well-known that in the conventional, direct formulation of
the BIE, the presence of thermal effects is manifested as an addi-
tional volume integral in the integral equation, destroying the
notion of the BEM as a truly boundary solution numerical tech-
nique. However, for steady state, isotropic thermoelasticity, this
volume integral can be transformed exactly in an analytical man-
ner into surface integrals quite easily in both two- (2D) and
three-dimensions (3D), see, e.g., Rizzo and Shippy (1977) and
Danson (1983). A requirement in this transformation is that the
temperature terms can be expressed as potential functions which
satisfy the standard Poisson’s equation in potential theory. Thell rights reserved.
9; fax: +1 613 5205715.great appeal of this exact transformation method (ETM) is that it
restores the analysis to a purely boundary or surface one without
invoking additional simpliﬁcations and/or numerical approxima-
tions, unlike some other schemes which have also been employed.
Reviews and description of several of these latter schemes may be
found in e.g. Rashed and Brebbia (2003), Köegl and Gaul (2003) and
Mohammadi et al. (2010).
The extension of the ETM towards the same end in BEM for
general anisotropic thermoelasticity has, hitherto, only been suc-
cessful in 2D, as far as the authors are aware. This was achieved
by the present authors (Shiah and Tan, 1999a) who also used the
same approach to derive Somigliana’s identity for the determina-
tion of stresses at interior points of a 2D anisotropic body (Shiah
and Tan, 1999b). The main difﬁculty stems from the mathematical
complexity of the fundamental solution (or Green’s function) and
its derivatives. These quantities are necessary items in the formu-
lation of the BIE and they would appear in the integrals associated
with the thermal terms. Indeed, in the development of the BEM to
treat 3D anisotropic elastic bodies, the subject of their numerically
evaluation has itself remained a focus of investigation over the past
several decades. Examples include the studies by Volgel and Rizzo
(1973), Wilson and Cruse (1978), Sales and Gray (1998), Pan and
Yuan (2000), Tonon et al. (2001), Phan et al. (2004), Wang and
Denda (2007), Shiah et al. (2008, 2010) and Tan et al. (2009). The
reason for this activity is due to the fact that the fundamental
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not in closed, algebraic forms. In contrast, the Green’s function
and its derivatives used in Shiah et al. (2008, 2010) and Tan et al.
(2009), are fully explicit and algebraic and are expressed in terms
of Stroh’s eigenvalues; they have been derived by Ting and Lee
(1997) and Lee (2003, 2009), respectively. This renders their imple-
mentation into a BEM code relatively easy although they are,
mathematically, still fairly elaborate.
For the problem of 3D generally anisotropic thermoelasticity,
the present authors are not aware of any reported successful at-
tempt to perform the exact volume-to-surface integral transforma-
tion (VIT) of the volume integral associated with the thermal
effects that is present in the conventional BIE. As a precursor to
this, the present study deals with this VIT for the special case of
3D transverse isotropy for which the Green’s function and its deriv-
atives are available in various explicit forms (see, e.g., Lifshitz and
Rozenzweig, 1947; Willis, 1965; Lejcek, 1969; Pan and Chou, 1976;
Tavara et al., 2008). The focus is on the feasibility of the exact VIT
scheme and the attainability of successful numerical results in the
BEM implementation. The key steps will follow closely those suc-
cessfully carried out in 2D for general anisotropy (Shiah and Tan,
1999a). Because of its conciseness, the Green’s function derived
by Pan and Chou (1976) was chosen for the present work; it has
also been adopted by several other researchers in BEM studies pre-
viously for the same reason, e.g. Saez et al. (1997); Loloi (2000). In
what follows, the basic equations of thermoelasticity for transverse
isotropy are ﬁrst reviewed. The conventional BIE for such solids
will then be presented and the analytical VIT process to restore
the integral equation as one involving only surface integrals is de-
scribed. A numerical scheme that allows the evaluation of some
key variables from the integral transformation is also presented.
This will be followed by some examples to demonstrate the verac-
ity of the formulation in which the numerical results are compared
with those obtained by the FEM commercial software package
ANSYS. The indicial notation will be used throughout and the indi-
ces take the range 1, 2, 3, unless stated otherwise.2. Transversely isotropic thermoelasticity
For a generally anisotropic elastic solid, the constitutive rela-
tionship between the stress rij and the strain eij when temperature
change H is also considered, is governed by the well-known
Duhamel–Neumann relation:
rij ¼ cijklekl  cijH; i; j; k; l ¼ 1;3 ð1Þ
where cijkl and cij denote the elastic constants (stiffness coefﬁcients)
and thermal moduli, respectively, of the material. By writing the
stiffness coefﬁcients using the condensed notation C  Cmn in terms
of only two indices, m,n = 1,6; Hooke’s law may then be expressed,
in the absence of thermal loads for brevity, as:
rl ¼ Cel; ð2Þ
where
rl ¼ ðr11; r22; r33; r23; r13; r12ÞTl ; ð3Þ
el ¼ ðe11; e22; e33; 2e23; 2e13; 2e12ÞTl ; ð4Þ
with only six non-zero elastic components of Cmn which are given
by
C11 ¼ C22; C12; C13 ¼ C23; C33; C44 ¼ C55;
C66 ¼ ðC11  C12Þ=2: ð5Þ
Thus for such materials only ﬁve independent elastic constants are
required.For a generally anisotropic body, the thermal moduli in Eq. (1)
are given by
cij ¼ Cijklakl; ð6Þ
where akl denotes for the coefﬁcients of thermal expansion (CTE).
For a transversely isotropic material, all nonzero components of
the thermal moduli are simply given by
c11 ¼ c22 ¼ c0 ¼ ðC11 þ C12Þa0 þ C13a00;
c33 ¼ c00 ¼ 2C13a0 þ C33a00; ð7Þ
where a0 is the CTE on the isotropic (x1,x2)-plane and a00 represents
the CTE in the third direction. Under steady state conditions, the
thermal ﬁeld can be solved independently but must be obtained
before the solution of the elastostatic problem.
For simplicity, consider the case of zero heat source here. The
steady-state heat conduction in a 3D generally anisotropic body
is governed by the following equation in the Cartesian coordinate
system:
K11
@2H
@x21
þ K22 @
2H
@x22
þ K33 @
2H
@x23
þ 2K12 @
2H
@x1@x2
þ 2K13 @
2H
@x1@x3
þ 2K23 @
2H
@x2@x3
¼ 0; ð8Þ
where Kij are the conductivity coefﬁcients. For the special case of
transverse isotropy, when the x1 -x2 plane is the isotropic plane,
Eq. (8) is reduced to
K0
@2H
@x21
þ @
2H
@x22
 !
þ K 00
@2H
@x23
¼ 0; ð9Þ
where the invariants K0 and K
0
0 are deﬁned by
K0 ¼ K11 ¼ K22; K 00 ¼ K33: ð10Þ
As it has been shown in Shiah and Tan (2004), Eq. (9) can be trans-
formed to the canonical form of the Laplace equation by a simple
coordinate transformation,
x^T ¼ FxT ; ð11Þ
where x^ and x represent the transformed and the original coordi-
nates, respectively; F denotes the transformation matrix given by
F ¼
1 0 0
0 1 0
0 0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
K0=K
0
0
q
0B@
1CA: ð12Þ
In this transformation of Eq. (9), the (x1,x2) coordinates of the
distorted domain remain unchanged and only the x3-coordinate
is altered. The original heat conduction is now governed by the
standard Laplace equation in the transformed coordinate system
as denoted by the underscore in Eq. (13) below:
H;ii ¼ 0: ð13Þ
As a result, the thermal ﬁeld can be determined using the stan-
dard boundary integral equation for this equation in potential
theory. More details of pre- and post-processing of the data in this
domain mapping treatment may be found in Shiah and Tan (2004).
The solution for the corresponding elastic stress and displacement
ﬁelds for the solid body can then proceed once the temperature
ﬁeld in the body is determined.
3. The BIE for transversely isotropic thermoelasticity
In the direct formulation of the BEM, it is well established in the
literature that the displacements ui and the tractions ti at the
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body are related by the following integral equation,
CijuiðPÞþ
Z
S
uiðQÞTijðP;QÞdS¼
Z
S
tiðQÞUijðP;QÞdSþ
Z
X
XiðqÞUijðP; qÞdV ;
ð14Þ
where q is an arbitrary ﬁeld point inside the domain V; Bi denotes an
effective body-force component due to the thermal and/or inertia
effects. It is evident that unless the last integral on the right hand
side of Eq. (14) is reduced to surface ones, which is the primary
objective of this study, its direct numerical evaluation will require
discretization of the interior of the domain. Also in Eq. (14), Uij
and Tij are the fundamental solutions for the displacements and
tractions, respectively, in the i-th direction at the ﬁeld point due
to a unit load in the j-th direction at the load point. They are dis-
cussed next.
Consider a unit point force applied in the direction normal to
the plane of isotropy of an inﬁnite transversely isotropic solid.
The displacements derived by Pan and Chou (1976) are expressed
as follows:
U13 ¼
X2
i¼1
miAi
x1
RiR

i
 m2i ðAi þ BiÞ
x1x3
R3i
" #
; ð15aÞ
U23 ¼
X2
i¼1
miAi
x2
RiR

i
 m2i ðAi þ BiÞ
x2x3
R3i
" #
; ð15bÞ
U33 ¼
X2
i¼1
 C11Bi þ C44m
2
i Ai
C13 þ C44
 
1
Ri

 ðAi þ BiÞm
2
i
C13 þ C44
C44q2 þ C11x23
R3i
 !#
; ð15cÞ
where the constants mi are deﬁned by
m1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃC11C33p  C13Þð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃC11C33p þ C13 þ 2C44Þ
4C33C44
s
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃC11C33p þ C13Þð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃC11C33p  C13  2C44Þ
4C33C44
s
; ð16aÞ
m2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃC11C33p  C13Þð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃC11C33p þ C13 þ 2C44Þ
4C33C44
s

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃC11C33p þ C13Þð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃC11C33p  C13  2C44Þ
4C33C44
s
; ð16bÞ
m3 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C66=C44
p
ð16cÞ
and the variables q, Ri, and Ri are deﬁned by
q ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21 þ x22
q
; ð17aÞ
Ri ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21 þ x22 þ m2i x23
q
; ð17bÞ
Ri ¼ Ri þ mix3: ð17cÞ
The constants Ai and Bi in Eq. (15) are deﬁned by
m1A1 ¼ m2A2 ¼ ðC13 þ C44Þ4pC33C44 m22  m21
  ;
Bi ¼ Ai for
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C11C33
p
 C13  2C44 – 0; ð18aÞ
A1 ¼ A2 ¼ 0; B1 ¼ B2 ¼ ðC13 þ C44Þ16pC11C44 m1;
for
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C11C33
p
 C13  2C44 ¼ 0: ð18bÞ
For the degenerate case of
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
C11C33
p  C13  2C44 ¼ 0, m1 = m2, Eq.
(18a) is strictly not valid and Eq. (18b) should, in principle, be used
instead. However, it is worth mentioning that from extensive
numerical experiments, this degenerate condition need not betreated separately to compute the fundamental solutions in prac-
tice. This is due to the small round-off errors introduced in the com-
putations of m1 and m2 by Eqs. (16a) and (16b), respectively. It was
found that even with the very small ‘‘perturbations’’ in these values
would allow the constants Ai to be calculated in a stable manner
using Eq. (18a).
From Eq. (18a), it is also clear that
Ai þ Bi ¼ 0; ð19Þ
which can be used to simplify Eqs. (15a)–(15c) into
U13 ¼ U31 ¼
X2
i¼1
miAi
x1
RiR

i
; ð20aÞ
U23 ¼ U32 ¼
X2
i¼1
miAi
x2
RiR

i
; ð20bÞ
U33 ¼
X2
i¼1
C11  C44m2i
 
Ai
ðC13 þ C44ÞRi : ð20cÞ
In a similar manner, simpliﬁcation of all other displacement compo-
nents leads to
U11 ¼
X2
i¼1
2miA0i
Ri
1 x
2
1
RiR

i
 
þ D
R3
1 x
2
2
R3R

3
 
; ð21aÞ
U21 ¼ U12 ¼
X2
i¼1
 2miA
0
ix1x2
RiR
2
i
þ Dx1x2
R3R
2
3
; ð21bÞ
U22 ¼
X2
i¼1
2miA0i
Ri
1 x
2
2
RiR

i
 
þ D
R3
1 x
2
1
R3R

3
 
: ð21cÞ
where the constants A0i and D are deﬁned by
A0i ¼
ð1Þi C44  C33m2i
 
8pC33C44 m21  m22
 
m2i
; ð22aÞ
D ¼ 1
4pC44m3
: ð22bÞ
It is worth pointing out that there is singularity for points along the
negative x3-axis. This is evident by checking Eqs. (17b) and (17c),
where Ri becomes zero for (0,0,x3 < 0). A simple remedy for this
is to take advantage of the material symmetry, by reinstating the
corresponding positive x3 when calculating Uij. A more general rem-
edy is to rearrange the terms involving q using the relationships be-
tween the constants in the denominator of the expressions; details
of this and the ﬁnal explicit forms may be found, e.g., in Loloi
(2000).
Although the fundamental solution for tractions can be analyt-
ically derived, they can just as conveniently be computed from the
ﬁrst order derivatives of the displacement fundamental solution
and invoking Hooke’s law, Eqs. (2)–(4). This is carried out as fol-
lows. Consider
Tij ¼ riknk
 
j; ð23Þ
where rik
 
j represent the stress components at a ﬁeld point due to
a concentrated force applied in the xj direction at the source point;
nk are components of the outward normal vector on the surface at
the ﬁeld point. The strains (eik)j are computed directly from the
strain–displacement relation, viz.
ðeijÞl ¼ ðUil;j þ Ujl;iÞ=2: ð24Þ
The ﬁrst-order derivatives of displacements can be analytically
derived by simply making spatial differentiations in the Cartesian
system of the displacements as presented in Eqs. (20a)–(20c) and
Eqs. (21a)–(21c). It is a fairly straightforward exercise, hence their
explicit expressions need not to be presented.
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an effective body force in the governing equations. The tempera-
ture change will also introduce additional cijH term in the stress
tensor, thereby introducing on the surface of the domain, addi-
tional terms of ‘‘thermal tractions’’, t0i, written as
t0i ¼ ciknkH: ð25Þ
With these, it can be easily shown that Eq. (14) can be written as
CijuiðPÞ ¼
Z
S
tiðQÞUijðP;QÞdSþ
Z
S
XiðQÞUijðP;QÞdV
þ
Z
S
cikHðQÞUijðp; qÞnkdS

Z
V
cikH;kðqÞUijðP; qÞnkdV : ð26Þ
The last term on the right hand side of Eq. (26) has to be trans-
formed into surface integrals for the equation to be a truly bound-
ary integral equation. This process will be dealt with next.
4. Exact volume-to-surface integral transformation
The volume integral associated with thermal effects that appear
in Eq. (26) is now written as
Vj ¼ 
Z
V
cikH;kðqÞUijðP; qÞdV ð27Þ
Recall that the heat conduction equation is governed by the
standard Laplace equation, Eq. (13), in the x^-coordinate system after
the domain mapping with Eq. (11). Using the chain rule, the tem-
perature gradients with respect to the coordinate directions in this
system can be expressed as
H;1 ¼ H;1x^1;1 þH;2x^2;1 þH;3x^3;1; ð28aÞ
H;2 ¼ H;1x^1;2 þH;2x^2;2 þH;3x^3;2; ð28bÞ
H;3 ¼ H;1x^1;3 þH;2x^2;3 þH;3x^3;3: ð28cÞ
As a result of using the coordinate transformation, the above equa-
tions can be written in matrix form,
H;1
H;2
H;3
0B@
1CA ¼ 1 0 00 1 0
0 0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
K0=K
0
0
q
0B@
1CA H;1H;2
H;3
0B@
1CA: ð29Þ
By substituting Eq. (29) into Eq. (27), the volume integral deﬁned
now in the mapped domain becomes
Vj ¼ 
Z
bV CikH;kUijdbV ; ð30Þ
where Cik is deﬁned by
C ¼ bJ
c0 0 0
0 c0 0
0 0 c00
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
K0=K
0
0
q
0BB@
1CCA: ð31Þ
In Eq. (31), bJ represents the Jacobian of the coordinate transforma-
tion, given by
bJ ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃK 00=K0q : ð32Þ
To facilitate the VIT, the volume integral is rewritten asVj ¼ 
Z
bV ½ðCikUijHÞ;k  CikUij;kHdbV : ð33Þ
Application of Green’s ﬁrst theorem to the ﬁrst term on the right
hand side of Eq. (33) results inVj ¼ 
Z
bS HCikUijnkdbS þ
Z
bV CikUij;kHdbV : ð34Þ
There remains the second volume integral term on the right hand
side of Eq. (34) that needs to be transformed. For this purpose, a
new function Wijk is introduced which satisﬁes
Wijk;tt ¼ Uij;k: ð35Þ
Recall the Green’s second identity stating that two arbitrary scalar
functions, U and W, must satisfyZ
bV ðUr2WWr2UÞdbV ¼
Z
bS ðUrWWrUÞ  n^dbS; ð36Þ
where n^ denotes the unit outward normal on the surface bS.
Substituting H for U and CikWijk for W in the above identity yields
the followingZ
bV ðHCikWijk;tt  CikWijkH;ttÞdbV
¼
Z
bS ðHCikWijk;t  CikWijkH;tÞntdbS: ð37Þ
Using Eq. (13), the term associated with H,tt disappears, and the
above equation becomesZ
bV CikWijk;ttHdbV ¼
Z
bS CikðHWijk;t WijkH;tÞntdbS: ð38Þ
As a result of applying the auxiliary condition deﬁned in Eq. (35),
the above identity becomesZ
bV CikUij;kHdbV ¼
Z
bS CikðHWijk;t WijkH;tÞntdbS: ð39Þ
Finally, by replacing the domain integral with the transformed
boundary ones as given above, the volume integral is now ex-
pressed as
Vj ¼
Z
bS Cik½ðHWijk;t WijkH;tÞnt HUijnkdbS: ð40Þ
The integral equation Eq. (14) is now transformed into one involv-
ing only surface integrals and is now a truly BIE, viz.
CijuiðPÞ ¼
Z
S
tiðQÞTijðP;QÞdS
Z
S
uiðQÞTijðP;QÞdS
þ
Z
V
cikHðQÞUijðP; qÞnkdSþ
Z
bS Cik½ðHWijk;t
WijkH;tÞnt HUijnkdbS ð41Þ
The numerical solution of Eq. (41) follows the usual steps in BEM
formulation which are well established in the literature, thus they
need not be repeated here. However, for the computation of the
transformed surface integral in Eq. (41), the task of determining
Wijk and Wijk;t as deﬁned in Eq. (35) still needs to be addressed
and is perhaps the most challenging aspect of this VIT process.
Although for the special case of transverse isotropy, Uij;k can per-
haps be analytically derived, it would be mathematically too com-
plex to do for the case of general anisotropy for which the present
study serves as a prelude. A numerical scheme will need to be
developed to this end.
5. Numerical determination of Wijk and Wijk,t
As mentioned earlier, the primary focus of this paper is to
examine the feasibility of the exact VIT approach in 3D anisotropic
thermoelasticity. For the present purpose, it is important at this
stage to only establish that values for the quantities Wijk and Wijk,t
can be determined numerically to enable veriﬁcation of the formu-
lation above to proceed. The scheme used here for this exercise as
Fig. 1. Auxiliary sphere for the source point p on the surface of the physical domain.
Fig. 2. BEM surface discretization of the auxiliary sphere for calculating Wijk and
Wijk,t.
Fig. 3. Example (a): Unit cube with a temperature gradient.
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tive could perhaps be found in the future.
Consider a mapped domain as shown in Fig. 1, where P and Q
are the source and ﬁeld points, respectively. The task is to deter-
mine the numerical values ofWijk andWijk,t at Qwhich corresponds
to a Gauss point in a typical Gauss quadrature scheme for evaluat-
ing the integral over a typical boundary element. Let the local
spherical coordinate of this point be (r,h,/) as illustrated in
Fig. 1. A simple ﬁnite difference scheme can be employed to calcu-
late Wijk,t, as follows:
Wijk;t ¼ lim
Dxt!0
Wijkðxt þ DxtÞ WijkðxtÞ
Dxt
: ð42Þ
This leaves Wijk, which must ﬁrst be determined from (35), a stan-
dard Poisson’s equation. This can be conveniently solved using BEM.
An auxiliary spherical domain with origin at the source point P in
the transformed coordinate system is introduced; it has a radius R
much greater than the dimensions of the physical problem ana-
lyzed. In this manner, the ﬁeld point Q on the boundary element
is treated as an internal point of this auxiliary domain. The BIE for
solving this Poisson’s equation is given by
cðpÞWijkðpÞ ¼
Z
bS T0ðp; qÞdWijkðqÞdn^ dbS 
Z
bS WijkðqÞdT

0ðp; qÞ
dn^
dbS

Z
bV Uij;k  T0dbV ; ð43Þ
where p and q represent the source and the ﬁeld points on bS, respec-
tively; T0 is the fundamental solution of temperature, given by
T0ðp; qÞ ¼
1
4p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx1  xp1 Þ2 þ ðx2  xp2 Þ2 þ ðx3  xp3 Þ2
q ; ð44Þ
where xpi and xi represent the Cartesian coordinates of p and q in the
mapped domain, respectively. For the case with the Dirichlet condi-
tion Wijk = 0 prescribed over the whole spherical surface bS, Eq. (43)
becomesZ
bS T0ðp^; q^ÞdWijkðq^Þdn^ dbS ¼ Xijkðp^Þ ð45Þ
where p^; q^ represent the source point and ﬁeld points on the
boundary surface of the auxiliary sphere, respectively; Xijkðp^Þ repre-
sents the volume integral in Eq. (43). For a known value of Xijkðp^Þ,
the solution of Eq. (45) for the corresponding boundary values of
dWijkðqÞ=dn^, can be determined by the usual BEM collocation pro-
cess. The value of Wijk at an interior point P of the auxiliary sphere
(but is a point on the surface of the physical domain) is then given
by
WijkðPÞ ¼
Z
bS T0ðP; q^ÞdWijkðq^Þdn^ dbS XijkðPÞ: ð46Þ
The evaluation of Xijk is discussed next.
For simplicity, the volume integralXijk is rewritten in the spher-
ical coordinate system as
Table 1
Comparison between volume integrations and surface integrations for the cube – Example (a).
(x1,x2,x3) Vj by Eq. (27) Vj by Eq. (40) j% Diff.j
j = 1 j = 2 j = 3 j = 1 j = 2 j = 3 j = 1 j = 2 j = 3
(0.0,0.0,0.0) 30.1747 30.1747 347.8070 30.1824 30.1785 347.8256 0.0253 0.0124 0.0054
(0.0,0.0,0.5) 0.0000 0.0000 392.1633 0.0221 0.0265 392.0639 N/A N/A 0.0253
(0.0,0.0,1.0) 30.1747 30.1747 347.8070 30.1652 30.1686 347.7880 0.0317 0.0202 0.0055
(1.0,0.0,0.0) 30.1747 30.1747 347.8070 30.1752 30.1789 347.8104 0.0014 0.0137 0.0010
(1.0,0.0,0.5) 0.0000 0.0000 392.1633 0.0274 0.0193 392.0536 N/A N/A 0.0280
(1.0,0.0,1.0) 30.1747 30.1747 347.809 30.1715 30.1653 347.8030 0.0106 0.0314 0.0011
(1.0,1.0,0.0) 30.1747 30.1747 347.8070 30.1781 30.1766 347.8131 0.0111 0.0063 0.0018
(1.0,1.0,0.5) 0.0000 0.0000 392.1633 0.0203 0.0211 392.0553 N/A N/A 0.0275
(1.0,1.0,1.0) 30.1747 30.1747 347.8070 30.1651 30.1671 347.7998 0.0318 0.0254 0.0021
(0.0,1.0,0.0) 30.1747 30.1747 347.8070 30.1749 30.1762 347.7917 0.0007 0.0050 0.0044
(0.0,1.0,0.5) 0.0000 0.0000 392.1633 0.0224 0.0283 392.0410 N/A N/A 0.0312
(0.0,1.0,1.0) 30.1747 30.1747 347.8070 30.1674 30.1705 347.8214 0.0244 0.0139 0.0041
(0.5,0.0,0.0) 0.0000 43.0888 430.1697 0.0076 43.0987 430.2104 N/A 0.0231 0.0095
(0.5,0.0,1.0) 0.0000 43.0888 430.1697 0.0267 43.0270 430.1795 N/A 0.1434 0.0023
(1.0,0.5,0.0) 43.0888 0.0000 430.1697 43.0955 0.0036 430.1986 0.0156 N/A 0.0067
(1.0,0.5,1.0) 43.0888 0.0000 430.1697 43.0302 0.0040 430.1954 0.1359 N/A 0.0060
(0.5,1.0,0.0) 0.0000 43.0888 430.1697 0.0015 43.0967 430.1825 N/A 0.0184 0.0030
(0.5,1.0,1.0) 0.0000 43.0888 430.1697 0.0180 43.0283 430.2190 N/A 0.1403 0.0115
(0.0,0.5,0.0) 43.0888 0.0000 430.1697 43.0983 0.0035 430.1942 0.0220 N/A 0.0057
(0.0,0.5,1.0) 43.0888 0.0000 430.1697 43.0282 0.0040 430.2022 0.1406 N/A 0.0076
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bV Uij;k  T0
	 

r2 sin/drdhd/: ð47Þ
The ﬁrst-order derivatives of displacement Green’s function in Eq.
(47) are also expressed in the spherical coordinate system, as
follows,
Uij;k ¼
jijkðh;/Þ
r2
: ð48Þ
The numerical values of jijk for arbitrary angles (h0,/0) can be di-
rectly computed from
jijkðh0;/0Þ ¼ r2Uij;kðxp1 ; xp2 ; xp3 Þ; ð49Þ
where the Cartesian coordinates of xp are given by
xp1 ¼ sin/0 cos h0; xp2 ¼ sin/0 sin h0; xp3 ¼ cos/0: ð50Þ
As jijk is independent of r, their numerical values can be obtained
by arbitrarily setting r to unity. Substituting Eq. (49) into Eq. (47)
and rewriting T0 in terms of the spherical coordinates results in
Xijk ¼ 14p
Z p
0
Z 2p
0
Z R
0

jijkðh;/Þsin/ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðrsin/coshxp1 Þ2þðrsin/sinhxp2 Þ2þðrcos/xp3 Þ2
q drdhd/
¼ 1
4p
Z p
0
Z 2p
0
jijkðh;/Þsin/  ln
Rþgðh;/Þþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
R2þ2R gðh;/Þþ r2p
q
gðh;/Þþ rp
24 35dhd/;
ð51Þ
where g(h,/) is deﬁned by
gðh;/Þ ¼  sin/ðxp1 cos hþ xp2 sin hÞ  xp3 cos/: ð52Þ
It should be noted that there is a singularity in the integrand of Eq.
(51) for the spherical coordinates (hp,/p) corresponding to the
source node at xp, i.e. when
gðhp;/pÞ þ rp ¼ 0; ð53Þ
where rp,hp,/p are deﬁned by
rp ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2p1 þ x2p2 þ x2p3
q
; hp ¼ tan1ðxp2=xp1 Þ;
/p ¼ cos1ðxp3=rpÞ: ð54ÞThe double integral in Eq. (51) is a convergent improper integral
that requires special treatment. Several numerical schemes for the
evaluation of improper integrals are available in the literature. In
the present work, the algorithm, r2d2lri, presented as a C++code
in Robinson and Hill (2002) can be applied. Thus, Eqs. (46) and
(47) were solved by linking this compiled code with the BEM code
which is written in Fortran. With Wijk thus obtained, the numerical
values of Wijk,t can subsequently be calculated using Eq. (42) in a
straightforward manner.
Since the radius R of the auxiliary sphere is deliberately chosen
to be much larger than the dimension of the mapped domain, only
a small number elements are needed to yield accurate results.
Numerical experiments showed that only eight isoparametric
quadratic elements, as shown in Fig. 2, were sufﬁcient to obtain
accurate numerical values of Wijk and Wijk,t.
6. Numerical Examples
The formulations outlined above have been implemented into
an existing BEM computer program for 3D isotropic elastic analysis
based on the quadratic isoparametric element formulation (Tan
and Fenner, 1979). To demonstrate the mathematical soundness
of the VIT process, three numerical examples are presented here.
The transversely isotropic solids considered in these examples
are assumed to have the following material properties of quartz
Huntington (1958):Stiffness
coefﬁcients
(GPa)
C
1
11 C22 C33 C44 C13 C12
16.6 116.6 110.4 36.1 32.8 16.7Thermal
properties
a
1
11 a22 a33 K11 K22 K33
.40E-7
(/C)
1
(/
.40E-7
C)
7
(/
.64E-6
C)
6
(
.1
Wm/C)
6
(
.1
Wm/C)
9
(W
.3
m/C)In the ﬁrst instance, Example (a), the veracity of the trans-
formed surface integrals of the volume integral Vj, Eq. (27), as
shown in Eq. (40), is examined by obtaining numerical values for
them separately on a simple problem of a unit cube in the x^ coor-
dinate system, as shown in Fig. 3. For this purpose, each face of the
cube is modeled by an 8-noded quadratic isoparametric boundary
Fig. 4. BEM mesh of the cube for isotropic analysis – Example (a).
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top and bottom surface are prescribed with the temperatures
100C and 0C, respectively; all the other surfaces are thermally
insulated. Under these conditions, the temperature distribution is
simply described by
H ¼ 100x^3: ð55Þ
For this exercise, the volume integrals Vj were computed with the
mathematical software MathCAD while the transformed boundary
integrals were evaluated by 8-point Gauss quadrature. The results
obtained using the two approaches for each of the 20 nodes are
listed in Table 1. It can be seen that the percentage deviation for
each of the values calculated is very small indeed, the largest valueTable 2
Nodal values of the von Mises equivalent stress for the cube, Example (a), for degenerate
algorithm.
Position x1/L = 0
Values j% Diff.j
x3 = 0 x2 = 0 ⁄Iso 1.099429 0.0338
⁄Trans 1.099800
x2 = 0.25L ⁄Iso 0.742530 0.0050
⁄Trans 0.742567
x2 = 0.5L ⁄Iso 0.640417 0.0035
⁄Trans 0.640395
x2 = 0 x3 = 0 ⁄Iso 1.099429 0.0338
⁄Trans 1.099800
x3 = 0.25L ⁄Iso 0.580209 0.0090
⁄Trans 0.580261
x3 = 0.5L ⁄Iso 0.155963 0.0191
⁄Trans 0.155993
x3 = 0.75L ⁄Iso 0.271455 0.0000
⁄Trans 0.271455
x3 = L ⁄Iso 1.630200 0.0091
⁄Trans 1.630349
x3 = L x2 = 0 ⁄Iso 1.630200 0.0091
⁄Trans 1.630349
x2 = 0.25L ⁄Iso 1.375029 0.0000
⁄Trans 1.375029
x2 = 0.5L ⁄Iso 1.263377 0.0000
⁄Trans 1.263377being still less than 0.15 percent. Next, for this same cube, the
veracity of implemented VIT algorithm in the BEM code was
checked by considering the degenerate case of material isotropy,
where the results were compared with those obtained from using
full isotropy algorithm. The isotropic properties considered were:
E (Young’s modulus)=1000 (units), m (Poisson’s ratio)=0.3, K (ther-
mal conductivity)=1 (unit), a (coefﬁcient of linear expansion)=1
(unit). The same heat ﬂow condition as described by Eq. (55) was
applied; both the top and bottom surfaces are fully constrained
from displacements while the other four surfaces are traction-free.
The BEM mesh employed is shown in Fig. 4; it consists of 24 ele-
ments and 75 nodes. As expected the numerical results were sym-
metrical about the x1- and x2- axes; hence, the calculated values of
the von Mises equivalent stress at the nodes are listed for only one-
eighth of the domain in Table 2. As can be seen from this table, the
results obtained using the present algorithm and that for pure isot-
ropy are, again, in excellent agreement indeed.
Fig. 5 shows the second physical problem considered, Example
(b). It is a hollow quartz crystal cylinder with the radius ratio R2/
R1 = 2, where R1 and R2 are the radius of the inner surface and
the outer surface, respectively; its half-height, H, is taken to be
H = 2R2. The cylinder is free of external mechanical loads but is
subjected to a radial temperature gradient, with the inner surface
maintained at 100 C while the outer surface is maintained at
0 C (thus DH = 100 C); all the other surfaces are thermally insu-
lated. As for displacement boundary conditions, the other surfaces
are constrained against radial displacements while the ends of the
cylinder are ﬁxed in the axial (x3-  xz)-direction. For the purpose
of veriﬁcation of the results, the problem was also analyzed using
the commercial FEM code, ANSYS. Only one-eighth of the physical
problem needs to be modeled by virtue of symmetry. Fig. 6 show
the BEM mesh (with 160 elements and 482 nodes) and the FEM
mesh (with 6144 quadratic elements and 28,353 nodes) employed
for the thermoelastic analysis. The steady state thermal conduction
problem was ﬁrst analyzed to yield the thermal data required for
the subsequent analysis of the elasticity problem. The correspond-
ing solution for the fully isotropic thermoelastic problem was also
determined analytically for comparison. For the fully isotropic
analysis, the Young’s modulus and the coefﬁcient of thermalcase of isotropy: ⁄Iso – Isotropic BEM algorithm; ⁄Trans – Transverse-isotropic BEM
x1 /L = 0.25 x1/L = 0.5
Values j% Diff.j values j% Diff.j
0.742530 0.0250 0.640454 0.0128
0.742716 0.640536
0.233213 0.0032
0.233205
0.233183 0.0032 0.225338 0.0033
0.233175 0.225331
0.742530 0.0250 0.640454 0.0128
0.742716 0.640536
0.511561 0.0087
0.511606
0.193782 0.0038 0.337354 0.0044
0.193774 0.337339
0.222664 0.0167
0.222627
1.375029 0.0000 1.263377 0.0000
1.375029 1.263377
1.375029 0.0000 1.263377 0.0000
1.375029 1.263377
0.948480 0.0078
0.948554
0.948554 0.0000 0.729122 0.0010
0.948554 0.729129
Fig. 7. Variation of the normalized radial displacement, ur/a11DH R1, across the
wall of the cylinder – Example (b).
Fig. 8. Variation of the normalized radial stress, rrr/C11a11DH, across the cylinder
wall – Example (b).
Fig. 6. BEM and FEM meshes of one-eighth model of a cylinder – Example (b).
Fig. 5. A transversely isotropic hollow cylinder subjected to a radial temperature
gradient – Example (b).
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respond to the values of the stiffness coefﬁcient C11 and coefﬁcient
of thermal expansion a11 of the single crystal. Poisson’s ratio was
taken to be 0.3. Fig. 7 shows the variation of the normalized radial
displacement, ur/a11DH R1, across the wall thickness at x3 = 0. The
corresponding variations of the normalized stresses, r/C11a11DH,
in the radial (rrr), hoop (rhh) and axial (rzz) directions are also
shown in Figs. 8–10, respectively. As can be seen in these ﬁgures,
agreement between the results obtained from the BEM and FEM
analyses is excellent indeed. The analytical results for the fullyisotropic case are also plotted in these ﬁgures; they have been nor-
malized by the same respective factors as for the transversely iso-
tropic case. Although these results show the same trends as for the
latter case, there are clear discrepancies between the results for the
two types of material, as expected.
Finally, in Example (c), a hollow spherical quartz crystal with
inner radius R1 = 1, and outer radius R2 = 2 is considered. Heat
ﬂows from the inside surface of the sphere which is maintained
at 100 C to the outside surface which is maintained at 0C (thus
DH = 100 C). The outer wall of the sphere is also fully constrained
from radial displacement. Fig. 11 shows the BEM and FEM meshes
used for the respective analysis of the physical problem, advantage
being taken of the three planes of symmetry about the Cartesian
axes. The former has 92 elements and 297 nodes, while the latter
has 27,648 elements with 115,873 nodes. As in Example (b), the
solution to the problem in full isotropy was also determined with
the same material properties indicated. Fig. 12 shows the com-
puted radial displacements, normalized by a11DHR1, along the
modeled part of the meridian of the inner surface deﬁned by
r = R1, h = 0, and / = 0o  90. The corresponding radial (rrr), hoop
(rhh) and meridional (r//) stresses, again normalized by C11a11DH,
are shown in Fig. 13; those at r = R2 for the same meridional span
are shown in Fig. 14. Also shown with these plots are the corre-
sponding results for the fully isotropic case. Unlike in a fully isotro-
pic sphere, the radial displacement along the meridian is not
uniform in the spherical crystal, nor is the hoop stress equal to
Fig. 13. Variations of the normalized stresses, r/C11a11DH, along the meridian at
the inner radius of the sphere – Example (c).
Fig. 14. Variations of the normalized stresses, r/C11a11DH, along the meridian at
the outer radius of the sphere – Example (c).
Fig. 9. Variation of the normalized hoop stress, rhh/C11a11DH, across the cylinder
wall – Example (b).
Fig. 10. Variation of the normalized axial stress, rzz/C11a11DH, across the cylinder
wall – Example (b).
Fig. 11. BEM and FEM meshes for one-eighth model of a hollow sphere – Example
(c).
Fig. 12. Variation of the normalized radial displacement, ur/a11DH R1, along the
meridian at the inner radius of the sphere – Example (c).
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lent agreement between the results obtained from the present BEM
formulation and those computed using ANSYS FEM.7. Conclusions
In the boundary element method (BEM) for elastic stress analy-
sis, thermal effects are manifested as a volume integral term in the
integral equation. This volume integral has been successfullytransformed in an exact manner into surface integrals for isotropy
and 2D general anisotropy, thereby restoring the BEM as a truly
boundary solution technique. The same cannot be said for the case
of 3D general anisotropy due to the mathematical complexity of
the Green’s function and its derivatives for such solids which are
required items in the BEM formulation. In this paper, the vol-
ume-to surface integral transformation for steady-state heat
Y.C. Shiah, C.L. Tan / International Journal of Solids and Structures 49 (2012) 2924–2933 2933conduction has been analytically achieved for the special case of
transverse isotropy. It follows similar steps as those developed
for 2D general anisotropy by the authors previously. In this pro-
cess, the temperature ﬁeld is mapped into another Cartesian sys-
tem so that it satisﬁes the Poisson’s equation as in potential
theory. New mathematical quantities need to be introduced and
a numerical scheme for their evaluation has also been presented.
Three numerical examples have been presented to demonstrate
the veracity of the analytical transformation and its implementa-
tion into a BEM computer code. The present work serves as a pre-
cursor to future attempts to carry out similar volume-to-surface
integral transformation for BEM analysis of three-dimensional gen-
eral anisotropic solids in thermoelasticity.
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